Abstract. We prove a curious identity for the Bernoulli numbers.
B n n! t n = t e t − 1 .
In [1] , Grünberg conjectured a curious identity for the Bernoulli numbers:
where
Notice that when n = p is prime, in view of the Wolstenholme congruence and the von Staudt-Clausen theorem, both sides of (1) are p-integral. So this identity is surely reasonable. In this short note, we shall confirm this conjectured identity.
Theorem.
(1) holds.
However, it seems not easy to deduce (1) from the generating function of B n . So we shall use a difference-differential method to prove Theorem 1. Note that
Evidently (1) is equivalent to
Furthermore, we have
Hence using induction on n, we only need to prove that
With help of the recurrence relation
it suffices to prove that
The Bernoulli polynomial B n (x) are given by
Clearly B n = B n (0). And it is well-known that
where the difference operator ∆ x is defined by
Lemma.
Proof. We have
We shall show that 
Note that n r=0 x r n r
Hence
i.e., (5) holds for x = 1. Thus by taking derivative of (5) with respect to x, (5) is reduced to
which is also true in view of (6).
It is easy to see that for two polynomials f 1 (x) and f 2 (x),
So we obtain that 
Replacing x by 1 − x in the above equation, we get the desired result. Now let us return the proof of (3). It is not difficult to check that 
.
Thus (3) is derived by substituting x = 0 in (7) and noting that B n = 0 for odd n ≥ 3.
Remark. The Euler polynomial E n (x) is given by
We also have
. Similarly, we know (cf. [2, Lemma 3.1 (ii)]) that for two polynomial f 1 (x) and f 2 (x), ∆ * x (f 1 ) = ∆ * x (f 2 ) if and only if f 1 = f 2 . So using a similar discussion, we may get a analogue of (7) for Euler polynomials: (−1) r E r (−x) r(n − r)(n − r + 1) + (−1) n−1 (n − 1)E n (−x) n 2 + (−1) n+1 H n E n+1 (−x) n + 1 + E n (−x) n + 1 − H n−1 n(n + 1) .
